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COMPACTNESS AND SINGULAR POINTS OF COMPOSITION OPERATORS ON
BERGMAN SPACES
ABSTRACT. Let Ω ⊂ Cn for n ≥ 2 be a bounded pseudoconvex domain with a C2-smooth
boundary. We study the compactness of composition operators on the Bergman spaces of
smoothly bounded convex domains. We give a partial characterization of compactness of the
composition operator (with sufficient regularity of the symbol) in terms of the behavior of the
Jacobian on the boundary. We then construct a counterexample to show the converse of the
theorem is false.
1. INTRODUCTION
Let Ω ⊂ Cn be a bounded pseudoconvex domain. Let O(Ω) be the set of all holomorphic
functions from Ω into C. Let V be the Lebesgue volume measure on Ω. For p ∈ [1,∞) we
define
Ap(Ω) := { f ∈ O(Ω) :
∫
Ω
| f |pdV < ∞}
to be the p-Bergman space. We denote the norm as
‖ f‖p,Ω :=
(∫
Ω
| f |pdV
) 1
p
.
Most of this paper will deal with the 2-Bergman space, which for brevity is denoted as the
Bergman space. Let φ : Ω → Ω be holomorphic on Ω. That is, holomorphic in each coordi-
nate function. Then we define the composition operator with symbol φ as
Cφ( f ) = f ◦ φ
for all f ∈ Ap(Ω). For Banach spaces X and Y, we say a linear operator T : X → Y is compact
if T({x ∈ X : ‖x‖ < 1}) is relatively compact in the norm topology on Y. If X is a Hilbert
space then we can characterize compactness of linear operator T : X → X in terms of weakly
convergent sequences.
2. SOME BACKGROUND AND MAIN RESULTS
Compactness of composition operators was studied on the unit disk in D in the article
[CEGY98]. Here, the authors of [CEGY98] study the angular derivative of the symbol near
the boundary and obtain a compactness result. They then construct a counterexample to
show that the converse of their theorem does not hold true. The authors of [AGT10] studied
the closed range property of composition operators on the unit disk. Work on essential norm
1
2 COMPACTNESS AND SINGULAR POINTS OF COMPOSITION OPERATORS
estimates and compactness of composition operators was studied on the ball in Cn and on the
unit disk in C by [CM95] and [HMW11]. On more general bounded strongly pseudoconvex
domains in Cn, [CˇZ07] studied the essential norm of the composition operator in terms of
the behavior of the norm of the normalized Bergman kernel composed with the symbol.
Our approach is to use the idea of the ’generalized angular derivative’ (the Jacobian) of the
symbol and its behavior on the boundary. As a preliminary result, we assume Ω ⊂ Cn is
a bounded pseudoconvex domain and φ a holomorphic self-map on Ω. If the range of φ is
compactly contained in Ω, then the composition operator with symbol φ is compact on the
Bergman space of Ω. The main result result relates compactness of the composition operator
Cφ to the behavior of J(φ)(p) for p ∈ bΩ for C2-smooth bounded convex domain Ω. Then as
a corollary we show that there is no surjective proper map φ : Ω → Ω that is C1-smooth up
to Ω so that Cφ is compact on A
2(Ω). Then we show the converse of the main result is false.
Theorem 1. Let Ω ⊂ Cn for n ≥ 2 be a bounded convex domain with a C2-smooth boundary. Let
φ := (φ1, φ2, ..., φn) : Ω → Ω be holomorphic in every coordinate function and C
1-smooth in each
coordinate function on Ω. Then if Cφ : A
2(Ω) → A2(Ω) is compact on A2(Ω) then φ−1(bΩ) = ∅
or φ−1(bΩ) consists of singular points.
As a consequence of Theorem 1, one can obtain the following.
Corollary 1. Let Ω ⊂ Cn for n ≥ 2 be a bounded convex domain with a smooth boundary. Let
φ := (φ1, φ2, ..., φn) : Ω → Ω be holomorphic in every coordinate functions and C
1-smooth in each
coordinate function on Ω. If φ is a surjective proper map then Cφ is not compact on A
2(Ω).
3. PRELIMINARIES
We let J(φ)(p) be the determinant of the complex Jacobian matrix of φ at point p. Then
|J(φ)(p)|2 is the determinant of the real Jacobian matrix of φ at point p. We note that
φ(z1, z2, ..., zn) = (φ1(z1, z2, ..., zn), φ2(z1, z2, ..., zn), ..., φn(z1, z2, ..., zn))
where
φj ∈ C
1(Ω)
and are holomorphic on Ω for every j = 1, 2, ..., n. By the smoothness of bΩ, we can extend φj
as a smooth function on Cn for j ∈ {1, 2, ...,m}, also called φj. If |J(φ)(p)| 6= 0 for all p ∈ bΩ,
we use the compactness of bΩ and the inverse function theorem applied to φ, to cover bΩ
with finitely many balls {B(ps , rs)}s=1,...,k so that ps ∈ bΩ for all s = 1, ..., k, rs > 0 for all
s ∈ {1, 2, ..., k}, and the restriction φ|B(ps,rs) is invertible with inverse ψs for s ∈ {1, 2, ..., k}.
Then there exists δ0 > 0 so that
Uδ0 := {(z1, z2, ..., zn) ∈ Ω : dist((z1, z2, ..., zn), bΩ) < δ0} ⊂⊂
⋃
s∈{1,2,...,k}
B(ps, rs) ∩Ω
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Lemma 1. For Uδ0 defined previously, the measure dµ := χUδ0
dV is reverse Carleson with respect to
the Lebesgue volume measure dV on a bounded pseudoconvex domain Ω ⊂ Cn for n ≥ 2. That is, for
every p ∈ [1,∞) and g ∈ Ap(Ω), there exists Mp,δ0 > 0 so that
‖g‖p,Ω ≤ Mp,δ0‖g‖p,Uδ0
.
Proof. We consider the restriction operator Rδ0 : A
p(Ω) → Ap(Uδ0). By the identity principle
for holomorphic functions, Rδ0 is injective. And by Hartog’s extension theorem (see [Kra82,
1.2.6]), Rδ0 is surjective. Therefore, Rδ0 is invertible. It is clear that Rδ0 is bounded. Therefore,
by the Open Mapping theorem, Rδ0 has a bounded inverse. Then there exists M > 0 so that
‖ f‖p,Ω = ‖(Rδ0)
−1Rδ0 f‖p,Ω ≤ M‖Rδ0 f‖p,Uδ0
= M‖ f‖p,Uδ0
.
This shows that dµ is reverse Carleson.

Remark 1. Lemma 1 is true for bounded domains in C. Instead of Hartog’s extension theorem one
must use the mean value principle for holomorphic functions.
Lemma 2. Let Ω1,Ω2 ⊂ C
n for n ≥ 2 be bounded pseudoconvex domains. Furthermore, assume
there exists a biholomorphism B : Ω1 → Ω2 so that B ∈ C
1(Ω1). Suppose φ := (φ1, φ2, ..., φn) :
Ω2 → Ω2 is such that the composition operator Cφ is compact on A
2(Ω2). Then, CB−1◦φ◦B is compact
on A2(Ω1).
Proof. Let gj ∈ A
2(Ω1) so that gj → 0 weakly as j → ∞. We will use the fact that gj → 0
weakly in A2(Ω1) as j → ∞ if and only if ‖gj‖ is a bounded sequence in j and gj → 0
uniformly on compact subsets of Ω1. This fact appears as [CˇZ07, lemma 3.5]. Therefore,
‖gj‖ is uniformly bounded in j and gj → 0 uniformly on compact subsets of Ω1. Then define
hj := gj ◦ B
−1 ∈ A2(Ω2). Then using a change of coordinates, one can show ‖hj‖ is uniformly
bounded in j and hj → 0 uniformly on compact subsets of Ω2. Therefore, by [CˇZ07, lemma
3.5], hj → 0 weakly as j → ∞. Then we have,
‖CB−1◦φ◦B(gj)‖
2
2,Ω1
= ‖hj ◦ φ ◦ B‖
2
2,Ω1
≤ sup{|J(B−1)(z)|2 : z ∈ Ω2}‖Cφ(hj)‖
2
2,Ω2
This shows that CB−1◦φ◦B is compact on A
2(Ω).

As an application of Lemma 1 and Lemma 2, we have the following proposition.
Proposition 1. Let Ω ⊂ Cn for n ≥ 2 be a bounded pseudoconvex domain with a smooth boundary.
Let φ := (φ1, φ2, ..., φn) : Ω → Ω be holomorphic on Ω in every component function and C
1-smooth
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in each component function on Ω. If the Jacobian of φ is non-vanishing at every point in bΩ, then the
composition operator Cφ : A
p(Ω) → Ap(Ω) is bounded for all p ∈ [1,∞).
Proof. To show if f ∈ Ap(φ(Ω)) then f ◦ φ ∈ Ap(Ω), it suffices to show f ◦ φ ∈ Ap(Uδ0) and
apply Hartog’s extension theorem and identity principle. We have∫
Uδ0
| f ◦ φ|pdV
≤
k
∑
s=1
∫
B(ps,rs)∩Ω
| f ◦ φ|pdV
=
k
∑
s=1
∫
φ(B(ps,rs)∩Ω)
| f |p|J(ψs)|
2dV
≤ k sup
s=1,2,...,k
sup
φ(B(ps,rs)∩Ω)
|J(ψs)|
2‖ f‖
p
p,φ(Ω)
< ∞
Then the boundedness of Cφ follows from an application of Lemma 1 to the above string of
inequalities.

Next we will focus our attention on compactness of the composition operator with holo-
morphic symbol φ : Ω → Ω and show that if the range of φ is compactly contained in Ω,
then Cφ is compact on A
2(Ω).
Proposition 2. Let Ω ⊂ Cn be a bounded pseudoconvex domain. Suppose φ is a holomorphic self-
map on Ω so that φ(Ω) ⊂ Ω. Then Cφ is compact on A2(Ω).
Proof. To prove compactness of Cφ, it suffices to show that the image of a weakly convergent
sequence in A2(Ω) is strongly convergent. Let {gj}j∈N ⊂ A
2(Ω) converge to 0 weakly as
j → ∞. Then by [CˇZ07, lemma 3.5], ‖gj‖L2(Ω) is bounded and gj → 0 uniformly on compact
subsets of Ω. We let ν := V ◦φ−1 be the pullbackmeasure. Since φ(Ω) is compactly contained
in Ω, there exists a compact set Ω˜ ⊂ Ω so that the support of ν is contained in Ω˜. Thus∫
Ω
|gj ◦ φ|
2dV =
∫
Ω
|gj|
2dν =
∫
Ω˜
|gj|
2dν.
Since Ω˜ is compact and gj → 0 uniformly on Ω˜ as j → ∞, we have that Cφgj → 0 as j → ∞
in norm.

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4. PROOFS OF MAIN RESULTS
Proof of Theorem 1. AssumeCφ is compact. Suppose φ
−1(bΩ) 6= ∅ and so let p := (p1, p2, ..., pn) ∈
φ−1(bΩ). Without loss of generality and appealing to Lemma 2, we may assume φ(p) =
(0, 0, ..., 0) := 0. Furthermore, since Ω is convex, we may assume Ω ⊂ {(z1, z2, ..., zn) ∈
Cn : Re(z1) > 0}. Now assume |J(φ)(p)| 6= 0. Since Ω has a C
2-smooth boundary, we may
extend φ as a C1 function on an open neighborhood of Ω. That is, extend each component
function φj as a C
1 function on a neighborhood Uj of Ω. Then φ has a C
1-smooth extension
to U :=
⋂
j∈{1,2,...,n}Uj. See [AF03, section 5.17] and [Ste70, section VI] for more details on the
smooth extension of functions. Then by the inverse function theorem, there exists ε > 0 so
that φ is a C1-diffeomorphism on
B(p, ε) := {(z1, z2, ..., zn) ∈ C
n : |z1 − p1|
2 + ...+ |zn − pn|
2
< ε2}.
and φ ∈ C1(B(p, ε)). Furthermore, we may assume |J(φ)| 6= 0 on B(p, ε). We define
gj(z1, z2) =
αj
z
βj
1
where β j = 1−
1
j and αj chosen so that αj → 0 as j → ∞ and ‖gj‖ = 1 for all j ∈ N. The
convexity of Ω allows us to construct this gj so that gj ∈ A
2(Ω) for all j ∈ N by taking
appropriate branch cuts. That is, we may assume Ω ⊂ {(z1, z2, ..., zn) ∈ C
n : Re(z1) > 0} by
convexity of Ω and take the principle branch for z
−βj
1 . We construct αj as follows. Let R > 0
be chosen sufficiently large so that Ω ⊂ {z1 ∈ C : |z1| < R} × ...× {zn ∈ C : |zn| < R}. Then
converting to polar coordinates we have.∫
Ω
|z
−βj
1 |
2dV
≤ (piR2)n−1
∫
0≤θ≤2pi
∫
0≤r≤R
r−2βj+1drdθ < ∞
Thus z
−βj
1 ∈ A
2(Ω) for all j ∈ N. By convexity of Ω, there exists S > 0, (λ1, ..., λn) ∈ [0, 2pi)
n
and (γ1, ...,γn) ∈ [0, 2pi)
n so that γj > λj for j ∈ {1, 2, ..., n} and
{z1 = r1e
iθ1 : 0 ≤ r1 ≤ S, λ1 ≤ θ1 ≤ γ1}× ...×{zn = rne
iθn : 0 ≤ rn ≤ S, λn ≤ θn ≤ γn} ⊂ Ω.
Now we convert to polar coordinates and it is clear that∫
λ1≤θ≤γ1
∫
0≤r≤S
r−2βj+1drdθ → ∞
as j → ∞. Thus we define
αj := ‖z
−βj
1 ‖
−1
Ω
.
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Then one can show gj → 0 uniformly on compact subsets of Ω as j → ∞. Furthermore,
‖gj‖Ω = 1 for all j ∈ N. Hence by [CˇZ07, lemma 3.5], gj → 0 weakly as j → ∞. Since
φ(B(p, ε)) is open, there exists α > 0 so that B(0, α) ⊂ φ(B(p, ε)). Furthermore, one can
show that there exists δ > 0 so that ‖gj‖L2(B(0,α)∩Ω) ≥ δ for all j ∈ N. By shrinking ε > 0 if
necessary, we may assume there exists an M > 0 so that
inf{|J(φ−1)(z1, z2)|
2 : (z1, z2) ∈ φ(B(0, α) ∩Ω)} ≥ M.
Then we have∫
B(p,ε)∩Ω
|gj ◦ φ|
2dV
=
∫
φ(B(p,ε)∩Ω)
|gj|
2|J(φ−1)|2dV
≥ inf{|J(φ−1)(z1, z2)|
2 : (z1, z2) ∈ φ(B(p, ε) ∩Ω)}‖gj‖
2
L2(φ(B(p,ε)∩Ω))
≥ M‖gj‖
2
L2(B(0,α)∩Ω)
≥ Mδ2 > 0
Thus ‖Cφgj‖L2(Ω) does not converge to 0, a contradiction. This implies |J(φ)(p)| = 0. That
is, φ−1(bΩ) = ∅ or consists of singular points.

Proof of Corollary 1. Assume φ : Ω → Ω is a proper holomorphic map where φ := (φ1, ..., φn)
and φj ∈ C
1(Ω) for j ∈ {1, 2..., n}. Furthermore, assume that Cφ is compact on A2(Ω). Since φ
is proper, it is an open map (see [JP93, pp.789]), and therefore is surjective (see [Ho75]). Also,
φ−1(bΩ) = bΩ, so by Theorem 1, the determinant of the complex Jacobian of φ is identically
0 on bΩ. Since the determinant of the complex Jacobian is a holomorphic function on Ω and
is continuous up to Ω, we have that |J(φ)| ≡ 0 on Ω. Thus an application of Sard’s theorem
(see [Ste64, theorem II 3.1]) implies that φ is not surjective, a contradiction. 
5. EXAMPLE
The converse of Theorem 1 is not true. In fact, we construct a highly singular C∞-smooth
map φ : B(0, 1) → B(0, 1) so that φ(B(0, 1)) ∩ bB(0, 1) consists of singular points but Cφ is
not compact on A2(B(0, 1)). This idea is made precise as this next example shows.
We let φ(z1, z2) := (z1, 0) be the projection onto the first coordinate. Clearly φ is singular
everywhere and maps the unit ball into the unit ball. Furthermore, φ(B(0, 1))∩ bB(0, 1) 6= ∅.
We let β j = 1−
1
j and define
f j(z1, z2) :=
αj
(z1 − 1)
βj
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where αj → 0 as j → ∞ is to be chosen later. Also, the branch cut is taken away from B(0, 1).
We chose R > 0 sufficiently large so that B(0, 1) ⊂ {z ∈ C : |z− 1| < R} × {w ∈ C : |w| <
R} := D. Thus converting to polar coordinates we have∫
B(0,1)
|(z1 − 1)
−βj |2dV ≤
∫
D
|(z1 − 1)
−βj |2dV
= piR2
∫
0≤r≤R
∫
0≤θ≤2pi
r−2βj+1drdθ < ∞
Thus (z1 − 1)
−βj ∈ A2(B(0, 1)) for all j ∈ N.
By convexity of B(0, 1), there exists s > 0, θ1, θ2 ∈ [0, 2pi], θ2 > θ1 so that
{z = 1+ r1e
iθ : 0 ≤ r1 ≤ s, θ1 ≤ θ ≤ θ2} × {w = r2e
iθ : 0 ≤ r2 ≤ s, θ1 ≤ θ ≤ θ2} ⊂ B(0, 1)
Using this inclusion and converting to polar coordinates, one can show that ‖ 1
(z1−1)
βj
‖ → ∞
as j → ∞.
Then we define αj := ‖
1
(z1−1)
βj
‖−1
B(0,1)
. So ‖ f j‖ = 1 for all j ∈ N and f j → 0 uniformly on
compact subsets of B(0, 1) away from bB(0, 1). Thus by [CˇZ07, lemma 3.5], f j → 0 weakly as
j → ∞. However, f j ◦ φ(z1, z2) =
αj
(z1−1)
βj
does not converge to 0 in norm. Therefore, Cφ is
not compact.
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